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Introduction
Optical coatings are stratified media. Thus, although individual films 
may be isotropic, an optical coating as a whole is anisotropic, and this 
appears in the performance at oblique incidence as a sensitivity to 
polarization. This sensitivity can be a problem when insensitivity is a 
requirement, but, of great benefit, when the objective is the manipula-
tion of polarized light. Typical components are polarizers and polariz-
ing beam splitters. Most polarizers and analyzers are based on anisotro-
pic materials, the traditional ones being birefringent crystals. A limita-
tion common to most of them is size. Also many of the high-perfor-
mance devices are not useful as polarizing beam splitters. At first sight, 
the usual thin-film calculations tend to show that polarizers and polar-
izing beam splitters can have performance almost without limit, the 
only restriction being the total number of layers in the coating. 
However, there are important limitations that should be understood if 
the devices are to be correctly deployed.

The range of different types and designs of polarization-sensitive 
coatings is enormous and well beyond the capacity of this article. We 
limit ourselves to one or two well-known types.

Polarizers, Analyzers and Polarizing Beam Splitters
Polarizers and analyzers are identical devices but used in slightly differ-
ent ways. They both pass linearly polarized light of a definite orienta-
tion and block orthogonally polarized light. We call the device a polar-
izer when it is used to produce polarized light from unpolarized, and 
an analyzer when it is used to detect the orientation of polarized light. 
A polarizing beam splitter divides incident unpolarized light into two 
orthogonally polarized beams.

Most high-performance polarizers are based on birefringent crys-
tals. Unpolarized light is incident internally on a tilted surface. The 
crystal presents a refractive index that depends on the orientation of 
the polarization, and the surface tilt is arranged so that, for the greater 
of the two refractive indices, the surface is slightly beyond critical 
angle, and, for the lower index, slightly below critical. Then that por-
tion of the incident light with appropriate orientation of polarization 
is totally internally reflected, while the other portion is largely trans-
mitted. The total internal reflection removes its component essentially 
completely and, although there may be a residual loss in transmission 
through the surface, the transmitted light is polarized to a very high 
degree. Usually a second component that is the reverse of the first is 
added beyond the surface to return the orientation of the transmitted 
beam to that of the input. The reflected beam contains also the residu-
ally reflected orthogonally polarized light and the device is, therefore, 
unsuitable as a polarizing beam splitter. The rejected light is usually 
trapped by a blackened surface so that it does not emerge.

The thin-film polarizer, or beam splitter, makes use of the phe-
nomenon known as polarization splitting [1]. The plane of incidence is 
defined as that plane containing the normal to the coated surface and 
the incident ray direction. The reflected and transmitted ray directions 
are also in this plane. In general, the polarization of the incident ray 
is altered by either a reflection or transmission, except in the cases of 
two special modes of polarization, called the eigenmodes, that are not 
perturbed. These eigenmodes are linearly polarized with electric vector 
oriented either in the plane of incidence, known as p-polarization, or 

normal to the plane of incidence, known as s-polarization. The proper-
ties of the layers appear different to each eigenmode of polarization, 
and so the properties of the coating also vary. This implies a different 
performance for each eigenmode, which is called polarization splitting. 
For a high-performance polarizer or analyzer it is desirable that one 
eigenmode should be completely reflected, while the other is completely 
transmitted. This is possible under certain circumstances, leading to a 
coating that can perform the function of a polarizer or analyzer, and, 
because the two modes are physically separated, a polarizing beam 
splitter.

There are enormous advantages in thin-film devices. Their charac-
teristics can be placed at virtually any wavelength in the wide region of 
transparency of their materials simply by altering the thicknesses of their 
layers, and, once a design has been established, the time to production is 
exceptionally short.

The Thin-Film Polarizer
There are two effects of oblique incidence on thin film coatings. The 
first effect is that the layers appear thinner to the light. This is a strange 
effect, but completely understandable in terms of the change in phase 
induced in the light by the traversal of the film. It is explained in an 
earlier Bulletin [1]. It causes the characteristic of the coating to shift 
towards shorter wavelengths when tilted to oblique incidence. The sec-
ond effect is a shift in the optical admittances of the layers. The admit-
tances for s-polarization fall, and those for p-polarization rise. However, 
the high-index layers are less affected than low-index, and this implies 
that the ratio of the admittance of a high-index layer to that of a low-
index layer in a coating becomes smaller for p-polarization but larger for 
s-polarization. This, in turn, implies a weakening of the characteristic for 
p-polarization and a strengthening of that for s-polarization. In 
fact, under certain conditions the high and low-index admittances for 
p-polarization can actually coincide, so that the reflectance characteris-
tic of the coating collapses completely. The name Brewster, after David 
Brewster the original discoverer, is given to this condition. If the two 
indices of refraction of the materials on either side of the interface are 
n1 and n2, then the angle of propagation,      , in material n1 that corre-
sponds to the Brewster condition is given by:

 (1)

The common thin-film reflecting coating is based on a series of 
quarterwave optical thicknesses of dielectric materials of alternate high 
and low refractive index. This structure is known as a quarterwave 
stack. The characteristic performance of a quarterwave stack is a band 
of high reflectance, the width of which depends on the ratio of the high 
to low admittances of the layers. Outside this band, the reflectance falls 
rapidly to a low value with a superimposed ripple that can be reduced by 
suitable outer matching layers. When tilted, the high-reflectance band 
moves towards shorter wavelengths and its width changes because the 
ratios of the admittances have changed. The weakening and strength-
ening effects just mentioned imply that for p-polarization, the width 
is reduced, but for s-polarization it is increased. There is, therefore, a 
band of wavelengths at the edge of the high-reflectance zone where 
the system reflects strongly for s-polarization but transmits strongly 
for p-polarization. In transmission in that region the light is, therefore, 
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  (2)

so that

(3)

Typical values of n1 and n2 require values of n0 rather greater than 

unity to yield real values of ϑ0. This implies that a polarizer based on 

this principle must be immersed in a medium of elevated index. In the 

most usual arrangement the device is made up of two isosceles right-

angle prisms, at least one having a coated hypotenuse, cemented into a 

cube.

An early polarizer of this type was patented by MacNeille [3] and is 
usually known by his name. Its construction was described by Banning 
[4]. Banning used zinc sulfide (n = 2.30) and cryolite (n = 1.25) as the 
materials, and to obtain an angle of incidence of 45° and, hence, a cube 
prism, used glass of index 1.55. Banning correctly pointed out that the 
dispersion of the film materials would imply a variation in the value of n0 
from equation (3). In order to preserve the angle of incidence, and hence 
the optimum polarization, the glass of the prism should have the correct 
dispersion. The Abbe Number (or sometimes the V-Number) is defined 
as:

 
(4)

where the symbols D, F and C indicate that the indices are measured at 
the corresponding Fraunhofer lines at 589.2 nm, 486.1 nm and 
656.3 nm respectively. Note that the Abbe Number is inversely pro-
portional to the degree of dispersion. A high Abbe Number means low 
dispersion. In the visible region low-index films have usually quite small 
dispersion that can be neglected when compared with that of the high-
index films. If we assume, therefore, that only one of the films has any 
appreciable dispersion and further that the denominator of expression 
(4) can be replaced by a differential then we can treat n0 and n1 in equa-
tion (3) as the variables and differentiate it to give:

 
 
(5)

We can then replace sinϑ0 to yield:
 

(6)

where V0 and V1 are the Abbe Numbers of the glass and high-index 
material n1, respectively. Although the expression may look a little dif-
ferent from Banning’s, the two are completely compatible. Banning cal-
culated an Abbe Number for her glass of 48.5, a quite reasonable number 
for, say, a light flint.

strongly p-polarized. The result in Figure 1 is typical. The angle of tilt is 
chosen to be the Brewster angle for a glass-air interface. This implies no 
reflection loss at the uncoated rear surface of the component, avoiding 
an antireflection coating.

Figure 1. The transmittance of the plate polarizer including the rear surface of 
the substrate. The coating is deposited on glass and the angle of incidence is 
56.43° so that the rear glass surface is at the Brewster angle in the useful 
zone.

The Extinction Ratio is sometimes quoted as a guide to performance 
of a polarizer. It is the ratio of the irradiance of the undesired mode 
of polarization to that of the desired. The polarizer in Figure 1 has an 
extinction ratio of 6.6×10-5 at 1.06μm. This can be improved simply by 
adding more layers. Extinction ratio takes no account of the level of 
throughput of the device. It has virtually the same value in the center 
of the high-reflectance zone (because of the difference between p- and 
s-performance) and so we must supplement it by some measure of effi-
ciency, usually the transmittance, or the reflectance if appropriate.

There is virtually no absorption in the device of Figure 1, and so the 
light not transmitted is reflected. The coating can, therefore, be used 
as a beam splitter, but there is a limitation common to most polariza-
tion-sensitive devices. The transmittance for p-polarization is not 100%. 
Some residual p-polarized light is, therefore, present in the reflected ray 
and the extinction ratio is degraded. In the case of Figure 1, the extinc-
tion ratio varies across the useful region because of the slight residual 
ripple, but at 1.06μm it is 2.6×10-2. All thin-film polarizing beam split-
ters share this limitation. High reflectance is more readily achieved than 
high transmittance.

The limited range of the tilted plate polarizer makes it suitable 
largely for applications involving lasers. Increasing the angle of inci-
dence still further, widens the region of splitting and this was exploited 
by Netterfield [2] in a series of immersed devices.

For polarizers with much wider useful regions we look to the 
Brewster phenomenon. At any simple interface between two materials, 
there is always a Brewster angle. For propagation at this angle in any 
coating made up of only two materials, all p-reflection at all internal 
interfaces will be completely suppressed. Then, if the coating is designed 
to be a reflector, such as a quarterwave stack, the s-reflectance will be 
high while the p-reflectance will be limited to that at the two outer 
surfaces where the incident, or emergent, medium makes up one of the 
materials.

Let the incident medium be of index n0. Then the angle of incidence 
in the incident medium in order to achieve the Brewster angle in the 
two materials n1 and n2 will be given by:

continued on page 26
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Figure 2. The refractive indices of the materials to be used in the cube 
polarizer.

We will use the expressions to design a cube polarizing beam splitter 
of high performance. We will assume tantalum oxide and silicon oxide 
materials, Figure 2, and a design wavelength of 510nm. Banning was 
able to keep the index of her glass low because the cryolite in her 
experiments had a very low index of 1.25. Here, the Brewster condition 
will demand a rather higher index for the glass. Using (3) we calculate 
a value of 1.712 for the ideal index of the glass. The dispersion of the 
SiO2 is negligible and the Abbe Number we estimate for the Ta2O5 is 24. 
Equation (6) then suggests an Abbe Number for the glass of 59. N-LAK 
14 from the Schott catalog has index 1.703 and an Abbe Number of 
55.4, both of which are close enough.

The remainder of the design is straightforward. We create a quar-
terwave stack with, in this case, the low index layers outermost because 
they give a slightly better match to the surrounding glass. To show 
what is possible we have used 31 layers, many more than would be 
normal, and the thicknesses are matched so that they give exact quar-
terwave optical thicknesses at the correct angle of incidence and at the 
design wavelength of 510nm. The calculated performance, neglecting 
any losses at the outer surfaces is shown in Figure 3. At 510nm the 
extinction ratio in transmission is 2.27×10-10. This is an astonish-
ingly small value, orders of magnitude better than a crystal polarizer. 
Unfortunately, when something seems too good to be true it usually is 
so, and we need now to look at some serious limitations.

Figure 3. The theoretical performance of the cube polarizer.

Limitations of Thin-Film Polarizers
The first limitation is a quite simple one. Keeping the ray in the original 
plane of incidence but changing the angle of incidence from 45° alters 
the incidence from the Brewster condition. This causes weak reflec-
tion for p-polarization at the internal interfaces. The effect is similar to 
the half-wave hole problem in short-wave-pass filters. A small bump 
of reflectance intrudes into the p-transmitting region. The degree of 
polarization remains high. The effect depends on the total number of 
layers, and we shall see in a moment that once the illumination details 
are fixed, there is no point in increasing the number of layers beyond a 
certain limit. Note that the 1° change in angle of incidence in the glass, 
implies 1.7° change in air. This change in elevation is not a particularly 
serious limitation because it hardly affects the degree of polarization. 
The second limitation that we now consider, a change in azimuth, is 
much more serious.

The problem occurs when the local plane of incidence of the ray 
does not coincide with the plane of incidence of the principal ray. A 
detailed analysis has been performed by Pezzaniti and Chipman [5]. 
Here, we shall try to keep the analysis as simple as possible.

Figure 4. This figure shows the shift in performance when the angle of inci-
dence is changed in elevation from the nominal 45°. The characteristic shifts 
in wavelength and the p-transmittance shows a small deterioration in the 
center of the characteristic.

Figure 5. The surface normal lies in the x-z plane and is tilted at angle φ to the 
z axis. The ray is in the y-z plane and is tilted at angle ψ with respect to the 
z-axis.
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Usually we would want the polarization directions to be defined 
for all rays in the same way as for the principal ray. Thus we can think 
of a plane rectangular grid, centered on, and normal to, the principal 
ray that would define, by its orthogonal directions, the reference s- and 
p-directions of any ray passing through it and forming part of an illumi-
nating cone.

These reference p and s-directions for any ray that is out of the 
principal plane of incidence will differ from its true p and s-directions 
defined by its local plane of incidence. Thus, leakage of one reference 
polarization mode into the other will occur. It is a geometrical effect. 
To keep the calculations as simple as possible, we will limit the discus-
sion to a change in the azimuth of the principal ray out of the principal 
plane of incidence. Note that the calculation becomes a little more com-
plicated if we move the ray also in elevation. This is due to a complica-
tion in keeping track of the reference polarization directions, although 
this additional complication is negligible for reasonably small azimuth 
angles.

We will use the set of axes and angles shown in Figure 5. The surface 
normal is into the surface and initially we can suppose it to be along 
the positive direction of the z-axis. This means that the surface is facing 
along the negative direction of the z-axis. Then we tilt the surface to its 
correct position through angle φ with respect to the z-axis, all the while 
retaining its normal in the x-z plane. The principal ray remains along 
the z-axis but the ray we are going to calculate is now shifted in azimuth 
from that direction. It always remains in the y-z plane but is tilted 
through angle ψ with respect to the z-axis. The sense of the rotations φ 
and ψ is that they are positive about the y- and x-axes respectively.

The p and s-directions associated with the incident ray start off with 

the s-direction parallel to the y-axis and the p-direction parallel to the 

x-axis. As the ray is rotated, the p-direction remains parallel to the 

x-axis and the s-direction remains in the y-z plane. However, the local 
continued on page 28

plane of incidence is oriented differently, and the true p and s-direc-

tions associated with the particular ray have shifted, and must now be 

determined. The most straightforward technique for handling compound 

angle problems of this type employs vector algebra.

We first find the direction cosines of the surface normal and ray 
direction and express then as unit vectors,  and  respectively.

(7)

  (8)
where  ,  and  are the unit vectors along the x, y and z-axes respec-
tively. The input s-direction will be

(9)
The local s-direction will be normal to both the ray and the surface 

normal. That will be parallel to the vector product of the ray direction 
and the surface normal, in that order.

  
(10)

Then, the unit vector will be
(11)
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where, in both cases, Tp, Ts, Rp and Rs are the true results for angle of 
incidence φ [strictly arccos(cosφcosφ)].

As an example, we will look at the limiting case of a perfect thin-

film polarizer, where Rp = 0, Rs = 100%, Ts = 0 and Tp = 100%. We will 

also assume 45° and 60° for . We will allow ψ to vary from 0 to 10°. 

We will calculate T for s-polarization and R for p-polarization. These 

can be compared with the result of zero for both in a perfect thin-film 

polarizer. Both leakages will be given by sin2ϑ ×100%. From (13) and 

with a little work, this is:
  

(18)

expressed as a percentage.

Figure 6. The results from (18) plotted against azimuth angle ψ.

In the normal way, the illumination of our polarizing beam splitter 
will include many different rays. Let us take the form of the illumina-

The angle between the reference s-direction and the true s-direction will 
be given by

 
(12)

If we represent the angle by ϑ, we have

 
(13)

Although we have been working with polarizers that transmit p and 
reflect s-polarization, the results are applicable to the opposite arrange-
ment also. We assume perfectly s- or p-polarized input light, that is 
according to the reference directions that define these directions for the 
device. Then the actual transmittances for the two input polarizations 
can be written as:
s-polarization:

  (14)

  (15)
p-polarization:

(16)

   (17)

Thin Film Polarizers
continued from page 27
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tion as a cone, with apex semi-angle of Ω. The illumination we assume 
as Lambertian, that is we imagine the source having the form of part of 
a uniform inner surface of a sphere with center at the apex of the cone. 
The power in any ray is proportional to the area of its intersection with 
the sphere. Let us take the radius of the sphere as unity and keep the 
apex angle of the cone small. Then a quite rough approximation of the 
leakage term in Equation (18) is given by:

(19)

where we can treat tan2φ as constant. Consider a ring on the illuminat-
ing sphere of apex semi-angle ω. This ring will have area
  (20)
and the leakage will be:

  (21)

Over the whole cone, comparing what leaks with what is incident, we 
have for our final leakage expression:

 
 (22)

where Ω, the apex semi-angle, should be in radians. This leakage expres-
sion is a reasonable approximation up to apex semi-angles of some 8° 
or so. It assumes a transmittance of unity or 100% for the appropriate 
mode, and so represents the extinction ratio directly. Note particularly 
that all the angles in the theory are those actually incident on the polar-
izing coating and not those in a different outside medium.

As an example, let us take a cone of apex semi-angle of 3° in our cube 
beam splitter. We recall that the extinction ratio at the reference wave-
length was 2.27×10-10. Using Equation (22) we find an extinction ratio of 
6.9×10-4, some six or so orders of magnitude poorer. Again, this is a geo-
metrical effect that can not be improved by any tricks of design. In fact, 
it is a waste of time to try to do better in the design. We can see from 
this that the way in which the polarizer or polarizing beam splitter is to 
be used is of critical importance to the design. If we are to use a 3° cone 
(just over 5° in air) with our cube polarizer we have far too many layers.

We are able to calculate exactly the performance of our cube beam 
splitter in a Lambertian cone of 3° apex semi-angle. The result, com-
pared with that for collimated light, is shown in Figure 7. The accurately 
calculated s-transmittance at 510nm for the 3° semi-angle cone is 
0.0623% while the transmittance for p-polarization is 90.4%. This is due 
to the elevation effect, the first of the problems described above. The 
extinction ratio is, therefore, 0.0623/90.4 = 6.89×10-4, close enough to 
the rough theoretical estimate.

Figure 7. The performance of the polarizing cube calculated for collimated light 
and for a cone of illumination of 3° apex semi-angle in glass.

Prospects for Improvement
The geometrical effects can not be altered. However, both Figure 6 and 
Equation (22) show clearly that from the point of view of polarization 
leakage, the higher the angle of incidence the better. At 63° incidence, for 
example, tanφ is 2.0 and this implies the same performance as at 45° but 
with a cone of twice the aperture. At 71.6° the gain is a factor of three. 
Li and Dobrowolski [6] have taken advantage of this trend, as well as the 
large polarizing splitting that exists in the imaginary tilted optical admit-
tances beyond the critical angle, to design very efficient thin-film polar-
izing beam splitters. These no longer operate at the Brewster condition 
and they actually reverse the usual sense of the polarization separation. 
For best results, the s-polarized light should be transmitted and the 
p-polarized reflected. The high angle of incidence does mean an 
increased coating area, a greater volume of glass, and an angle between 
the two split rays no longer 90°. The glass, however, can be a much more 
amenable borosilicate crown, and the angles can be readily dealt with in 
the design of the instrument. These seem small prices to pay for a 
significant increase in performance.
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